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SURFACES OF ROTATION IN A SPACE OF FOUR DIMENSIONS. 

By C. L. E. Moohb. 

1. The obvious generalization of a surface of rotation in ordinary space 
is a surface left invariant by a rotation in four dimensions, a rotation being 
defined as a linear transformation of positive determinant preserving dis- 
tance and leaving one point fixed. In general the path curve of a point by a 
rotation in four dimensions is not a circle.* There are however two distinct 
types of rotations for which these path curves are circles. A rotation in 
general leaves two completely perpendicular planes invariant, not fixed 
point for point, but only as planes, f A special rotation leaves one of these 
planes fixed point for point. For this rotation the path curves are circles 
whose centers are in the second fixed plane and whose planes are parallel 
to the absolutely fixed plane. Surfaces generated by this kind of rotation 
have been studied somewhat. J If the rate of rotation in each of the 
invariant planes is the same the path curves are circles having their centers 
at the origin. § In this note I shall confine my attention mostly to surfaces 
left invariant by this last kind of rotation. The path curves now hqwever 
do not lie in parallel planes. 

A general rotation in a space of four dimensions can be written 

Xi = Xi cos mit — X2 sin mit, X2 = Xi sin rriit + X2 cos mit, 
X3 = X3 cos m2t — Xi sin m2t, Xi = Xz sin niit + Xi cos m2t, 

where the invariant planes are the X1X2- and the X3X4-planes, and TOi, 
W2 are the rates of rotation in these planes. If the X3X4-plane is abso- 
lutely fixed, TO2 = 0. Surfaces generated by this rotation are the ones 
discussed by WUson and Moore. The rotations we shall study now are 
given by mi = ± TO2, but for the sake of simpUcity we shall confine our 
attention to the case Wi = m2 = 1. The equations of the rotation then 
become 

Xi = Xi cos t — X2 sin t, X3 = X3 cos t — Xi sin t, 

^ ) 

Xi = xi sin t + X2 cos t, Xi = xzsiat + Xi cos t. 

* See 0. L. E. Moore, Motions in hyperspace, Annals of Math., second series, vol. 19 (1918), 
pp. 176-184. 

t Cole, On rotations in four dimensions, American Journal of Mathematics, vol. 12 (1889), 
pp. 191-210. 

t Wilson and Moore, Differential geometry of two-dimensional surfaces in hyperspace, 
Proceedings of the American Academy of Arts and Sciences, vol. 52 (1916), pp. 267-368. 

§ Moore, Rotations in hyjwrspace. Proceedings of the American Academy of Arts and Sci- 
ences, vol. 53 (1918), pp. 649-694. 
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From (2) it is at once evident that 

1 1 

Consequently distance from the origin is left unchanged. Also if we allow 
t to vary, the curve which the point (Xi, X2, X3, X4) describes will lie in 
the plane 

AXi + BX2 + CX3 + DX, = 0, 
(3) 

EXi -AX, + DXs - CX4 = 0, 

where A, B, C, D are so chosen that 

Axi + Bxi + Cxz + Dxi = 0, 
Bxi — Axi + Dxi — Cxs = 0. 

Consequently if (xi, X2, X3, X4) lies in the plane (3), the curve (2) must lie 
in the same plane. Hence any plane (3) is left invariant by the rotation (2), 
and consequently the path curve of a point lying in that plane must he a circle 
with center at the origin. 

The plane (3) cuts the planes 

f,. I X, + iXi = 0, I X, - iX, = 0, 

^ ^ 1 X3 + 1X4 = 0, 1 X3 - iX, = 0, 

in lines for everj^ value of ^, B, C, D. The planes left invariant by the 
rotation form the linear congruence of planes cutting the planes (4). This 
congruence will contain the plane completely perpendicular to any plane 
(3) as can easilj' be verified. A linear congruence of planes, in space of 
four dimensions, which pass through a fixed point is simply isomorphic 
with a linear congruence of lines in ordinary space. We see then that one 
and only one plane of (3) contains any line which passes through the origin 
unless the given line lies in one of the planes (4). 

2. Rotation of a plane. If a plane ir passes through 0, it will cut 00 1 
planes of (3) in lines. These planes then cut three fixed planes in lines and 
hence form one system of generators of a quadric hj^^ercone which has 
for simple vertex. The different positions which t takes will form the 
second system of generators of the cone. If the plane does not pass through 
0, let its equations be 



(5) 



t,A,Xi + A, = 0, ZBiX, + B, = 0. 



If we apply the transformation (2) to this plane, we have on eliminating t 



(6) 
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where 

4 4 

1 1 

Ml = AaXi — A 1X2 + A4X3 — A3X4, 
/i2 = B2X1 — B1X2 + 542^3 ~ BaXi. 

Hence the hypersurface generated by revolving a plane not passing through 
the origin is of order four and has a double point at the origin. If the plane 
passes through 0, Ai = B^ = and (6) reduces to a quadric cone. If 
Xi, X2, jui, M2 have a line in common, the cone will have this common line 
for vertex. But we see that Xi = 0, mi = forms a plane of (3), and 
likewise X2 = 0, ^2 = 0. Two planes (3) can only intersect in a line lying 
in one of the planes (4). Hence if a plane cutting one of the planes (4) in a 
line is rotated, it will generate a cone having this line for vertex. These 
cones are evidently imaginary. 

The general hypersurface of order four above will cut each of the in- 
variant planes in a circle, since two planes in space of four dimensions 
always have a point in common and the point will rotate in a circle. How- 
ever, if the plane passes through 0, the quadric cone generated wiU cut 
only a simple infinity of the invariant planes in circles but will cut each of 
these in an infinite number of concentric circles. 

Two near by positions of the plane (5) will have a point in common. 
The locus of this point will be a circle to which all the planes are tangent. 
For the plane near to (5) is 

I Ai{xi — Xidt) + A2{xidt -t- Xi) + Azixa — xdt) + Ai{xidt -\- Xi) = 0, 
^ ' I Bi{xi - Xidt) + Bi{xidt + 0:2) + Bz{xz - xdt) -\- Biixdt + Xi) = 0. 

By means of (5) equations (7) are reducible to 

^2X1 — ^1X2 + A4X3 — A3X4 = 0, 
52X1 — B1X2 + BiXz — BzXi = 0. 

In equations (2) we consider Xt as fixed; this will be the point corresponding 
to t = 0. The point corresponding to the value t = dt will be 

{xi — Xidt, X\dt -\- Xt, Xz — xdt, Xzdt + x^, 

and equation (7) is the condition that this point lie in (5). Consequently 
the plane (5) will be tangent to the locus of intersection of (5) and (8) . If 
(5) and (8) have more than one point in common, they will evidently have a 
straight line in common. Hence if a plane is rotated it will always be tangent 
to one of the invariant circles {path curves), and if it is tangent to more than 
one of them it mil be tangent to an infinite number and the points of tangency 
will all lie on a straight line. 

If (5) and (8) have a line in common, the hypercone (6) Avill have this 
line for vertex. 



(8) 
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3. Rotation of a line. If a line passing through is rotated, it will 
generate the invariant plane containing this Une, or if the line Ues in an 
invariant plane and does not pass through it will generate this plane 
when rotated. If the line does not pass through nor lie in an invariant 
plane, two planes can be passed through it, one containing and the other 
not. Then the surface formed by rotating the line will be the intersection 
of the hypersurfaces formed by rotating these two planes. Hence the 
surface formed by rotating a line is of order eight and will have a multiple point 
at the origin. The only developable surfaces (that is generated by the 
tangent lines to a curve) are planes. 

If in (2) we make Xi functions of s (are length), equations (2) become 
the parametric equations of the surface formed by rotating the curve 

(9) Xi = Xi(s) (i = 1, 2, 3, 4). 
The vector equation of the surface is 

(10) p = -LXiki. 
Then 

ds 



(11) 



m =-^ = {xi cos t — Xi sin t)hi + {xi sin t + x^ cos 0^2 



5p 



+ {xz cos t — Xi sin t)kz + {xz sin t + Xi cos t)hi, 



n = aT = — (xi sui < + X2 cos 0^1 + (^1 cos i — Xa sin t)k2 



— {xz sin i + a;4 cos t)kz + {xz cos t — Xi sin t)ki, 

where primes indicate derivatives with respect to s. 

Now 

(12) m-n = Xi'Xi — x^Xi + XzXi — x^Xz. 

Hence the condition that the curve (9) be orthogonal to the path curves 
cutting it is 

(13) xi'xa — XiXx 4- Xzx^ — xi[xz = 0. 

If (9) is a straight line, Xi will be linear functions of s 

Xi = a,s + 6,-, 
and we obtain on substituting in (13) 

(14) a^i — 0261 + 03^4 — 0'i>z = 0, 

as the condition that the rulings on a ruled surface of rotation cut the 
path curves orthogonally. Since (14) does not contain the parameter s, 
we see that if one path curve cuts a straight line at right angles, every 
path curve cutting it will cut it at right angles. Hence passing through 
each point of space are 00 2 lines which are orthogonal to every path curve 
they cut, viz., the lines passing through the point and lying in the space of 
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three dimensions perpendicular to the path curve through the point. In 
each plane there is a pencil of such lines. Also if two intersecting lines are 
orthogonal to the path curve through the point of intersection, each line 
of the pencil formed by them will have the same property. 

4. Rotation of plane ctirves. If (9) defines a curve lying in the plane 

,^ .. Xi = A1X2 + BiXi + Ci, 

then the condition that the curve be orthogonal to the path curves is 

(16) (5i - A2){x.iX4.' - Xi'Xi) - C1X2' - C2X4' = 0. 

The solution of this equation is 

(5i - A2)x, - Ci = k[{Bi - Ai)x2 - C2]. 

This equation together with (15) determines a pencil of lines in (15) which 
are the only curves lying in a general plane which cut the path curves 
orthogonally. However if (16) is identically satisfied Bi = A2, Ci = C2 
= 0, and (15) becomes 

.j„s Xi = A1X2 + BiXi, 

^ Xz = B1X2 + BiXi. 

Then every path curve cutting (17) cuts it orthogonally. It is easily seen 
that the plane passing through and completely perpendicular to (3) is 

{AC + BD)x, + (BC - AD)X2 - (A^ + B^)xa = 0, 
^^^> {AD - BC)xi + {AC + BD)X2 - {A^ + B^)x4 = 0. 

This plane is also seen to belong to the system of invariant planes. If the 
plane (17) cuts (3) in a line, it is easily shown that it will also cut (18) in a 
line. A general plane cutting (3) and (18) in lines must have two essential 
constants. Equation (17) has two essential constants and consequently 
is the general form of the equation of a plane which if it cuts one invariant 
plane in a line through the origin will also cut the invariant plane completely 
perpendicular to it in a line. That is the invariant planes cutting (17) 
can be grouped into completely perpendicular pairs. Hence if a curve 
lies in a plane vihich cuts two completely perpendicular planes, it will be 
orthogonal to every path curve which cuts it. 

5. Some particular surfaces. The element of arc of the surface (10) is 

da^ = m-mds^ + 2m-ndsdt + n-ndt^. 
If the generating curve (9) is orthogonal to the path curves, 

m-n = 0, m-m = "Zxp = 1, n-n = Sx<^ 
and the element of arc then becomes 

da"" = ds^ + ^xi'df. 
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The expression 2Xj^ is a function of s only. Hence any of these surfaces 
can be mapped without stretching on a surface of revolution in ordinary space. 
If (10) is a developable surface, we know from the theory of surfaces of 
revolution in ordinary space that 

(19) 2xi2 = (as + by. 

There are surfaces besides cylinders and cones which satisfy this relation 
in space of four dimensions. In fact we do not have cones or cylinders of 
revolution for this kind of rotation. The only ruled developable surfaces of 
revolution are planes. For the only ruled developable surfaces are those 
formed by the tangents to a twisted curve.* If the surface is one of rota- 
tion, the edge of regression must be left invariant; but the only invariant 
curves are circles, consequently the only surfaces of revolution of this type 
are planes. 

An interesting class of developables are those generated by ciu^es lying 
in planes cutting two completely perpendicular planes in lines. For 
simplicity let us take a curve lying in the XiXa-plane. This is not a special- 
ization since any such plane can be brought into this position by a simple 
change of coordinates. Using polar coordinates in this plane, we show that 
the condition for a developable surface becomes 

r = as + b, 

or 

dr = a^dr^ + r'^dff'. 

The solution of this equation is 



= ^Vl-ai 



r = e 



(O-tfo) 



Hence logarithmic spirals lying in planes cutting two completely perpendicular 
planes in lines by this rotation generate developable surfaces. 

Formula (19) shows that any curve Ijdng on a hypersphere with center 
at will generate a developable surface. In particular a circle lying in the 
XiXa-plane and having center at will generate a developable of revolution. 

If a surface of revolution in a space of four dimensions can be mapped 
on a sphere in ordinary space, then 

da^ = a^idfi + sin^ ed<(^), 
and if we make the transformation 6 = s/a, <p = t, 

d(T^ = ds^ + a^ sin2 - dtK 
a 



* Wikon and Moore, loc. cit., p. 342. 
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This again represents a large class of surfaces but we will restrict the curve 
as above to lie in the Xi^s-plane. Using polar coordinates again, we have 



r = a sin - , or s = a sin~' - , 
a' a' 

a^ — r 
The solution of this equation is 

r = asm (e + 0). 

Hence, circles passing through the origin and lying in a plane cutting a pair 
of completely perpendicular planes in lines will generate a surface of revolu- 
tion which can he mapped on a sphere in a space of three dimensions. 

The surface formed by rotating a curve C lying in the XiXs-plane has 
two systems of plane sections. The planes of these two sets of curves 
form the two generations of a quadric hypercone with vertex at 0. A 
plane of one system contains a perpendicular to each plane of the other 
system. If the plane of C passes through but does not cut two com- 
pletely perpendicular invariant planes, the planes of the two sets of plane 
sections still form the two generations of a quadric cone, but there is no 
perpendicularity relation between the planes. If the plane of C does not 
pass through 0, one system of planes (those containing C) generate a 
quartic cone and the planes containing the path curves generate a cone 
with as vertex, formed by projecting from the ruled surface formed by 
the lines cutting C and a line in each of the planes (4). [These lines are 
obtained as the intersection of a space of three dimensions containing C 
and cutting the planes (4).] This ruled surface will, in general, be of order 
2m where m is the order of C. Hence the surface formed by rotating a plane 
curve of order m is, in general, of order 8m. 

6. Minimum surfaces. The general condition that a surface be mini- 
mum is the vanishing of the vector mean curvature.* To express the 
vector mean curvature we need the three covariant derivatives and for 
this purpose I shall make use of the formulas developed by WUson and 
Moore, f 



(20) 2/n = 



1 
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* Wilson and Moore, loc. cit., p. 325. 
t Loc. cit., pp. 337-8. 
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(21) 



m = -TT = (xi cos t — X2' sin t)ki + (x/ sin t + x^ cos 0^2 
as 



where a = (m-m){n-n) — (m-n)^. 

30S t — X2' si 
+ (xs' cos t — Xi sin t)ks + (xs' sin t + x/ cos t)ki, 

n = -^ = — (xi sin t + X2 cos t)ki + (xi cos t — x^ sin 0^2 
at 

— {xs sin i + Xi cos <)^3 + {xs cos < — X4 sin i)A;4, 

7) = -~= -r- = (xi" cos i — X2" sin <)^i + (x/' sin f + X2" cos 0^2 
'^ ds-' as 

+ (X3" cos t — Xi" sin 0^:3 + (X3" sin i + x/' cos i)^4, 

a = T-4; = -^rr = — (^^i' sin t + X2 cos t)ki + (x/ cos < — X2 sin 0A;2 
dsoi 05 

— (xs' sin t + Xi cos 0^3 + {xz cos < — X4' sin i)ki, 

r = -r^ = -rr = — (xi cos t — X2 sin t)ki — (xi sin i + X2 cos 0^2 
dr at 

— (xs cos i — X4 sin t)k3 — (xs sin t + X4 cos 0^4- 
Since s is the length of arc of the revolved curve 

m-m = 2x/^ = 1, 
and by differentiating 

Zx/Xi" = 0. 

If we take the path curves perpendicular to the generating curve, that is 
take an orthogonal trajectory of the path curves for generating curve, we 
have also 

m-n = Xi'x2 — X2'xi + X3'x4 — X4'x3 = 0. 

Differentiating this last relation, we also have 

Xi"X2 — 0^2 "Xl + X3"X4 — X4"X3 = 0. 

Using these relations, we find 

In-n = 2x,-^, m-p = 2x/Xi" = 0, m-q = 0, 
m-r = — Sx,x/, n-p = X1X2" — X2X1" + X3X4" — X4X3" = 0, 
n-q = 2x,x/, n-r = 0, a = n-n = 2xA 

Substituting these values in (20), we have 

(23) 2/11 = p, yi2 = q - —-n, 2/22 = r - (m-r)m, 

From (22) it is at once seen that yn, yn, 2/22 are normal to the surface which 
indeed is always true of the absolute derivatives. If the curvature vector 
of a curve, traced on a surface, lies in the normal plane to the surface the 
curve is a geodesic. Then from the first equation of (23) we see that 
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the orthogonal trajections of the path curves of a surface of revolution in space 
of four dimensions are geodesies.* The last equation of (23) shows that 
w-r = is a sufficient condition that the path curves be geodesies. The 

integral of this is 

SXi^ = a\ 

The general condition that the path curves be geodesies is that r he in the 
normal plane, that is that r be perpendicular to m and n. From (22) 
n-r = 0, consequently m-r = is both necessary and sufficient. Hence 
the only surfaces of revolution on which the path curves are geodesies are those 
formed by revolving a spherical curve. From (19) we see that all such surfaces 
are developable. If m-r = 0, then n-q = 0, and (23) shows that p, q, r 
are three normals to the surface and consequently satisfy a linear relation. 
The vector mean curvature is given by the formula (Wilson and Moore, 
p. 322) 

2h = Za'^'Wr, = p -\ m. 

" ^ n-n n-n 

The vanishing of this vector is the condition for a minimum surface. Then 
the coordinates of the curve will have to satisfy the differential equations 

(24) (Jl^i'W + (E^i^/)^/ - ^y = 0, i = 1. 2, 3, 4. 

i i 

Multiply the first of these equations by X2 and the secondly — Xi and add, 
then the first by Xg and the third by — Xi and add, and finally the first 
by Xi and the fourth by — Xi and add. We thus obtam 

I(ZXi^)(xi"x2 — Xi'xi) + "EXiXiixiXi — Xi'xi) = 0, 
{^x^){xi"xz - Xi"Xi) + -LXiXi'ixi'xz - xz'xi) = 0, 
{'ZXi^){xi"Xi — Xi'xi) + SxiX/(xi'x4 — Xi'xi) = 0. 

EUminating the 2's, we have 

X\ X2 — X2 Xi X\ X^ — Xz X\ X\ X4 — Xi X\ 
X1X2 — X2X1 ~ Xi'Xz — Xz'Xi Xi'Xi — Xi'Xi 

The first integral is 

X\ X2 — X2 Xi ^ Ci(Xi Xz — Xz Xi) ^ 02(^1 Xi — Xi Xi). 

The complete integral then is 

Xi = Ax2 + Bxz, 
X2 = Cx2 + Dxi. 

Hence if there exists a minimum surface it must be formed by rotating a 
plane curve but we saw that the only plane curves that are orthogonal to 

* Cf. E. E. Levi, Sui gruppi di movimenti, Atti dei Lincei, Series 5, vol. XIV' (1905). 
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the path curves he m planes cutting a pair of completely perpendicular 
invariant planes in lines. Then by a proper choice of axes we can take 
the curve in the XiXs-plane. Equations (24) then become 

{Xi^ + Xz^)Xi" + (XiX/ + XzXi')Xi - Xi = 0, 
(Xi^ + Xz^)Xi" + (XiX/ + XzXz)Xz - Xs = 0. 

If we assume the relation 

(26) X," + X," = 1, 

these equations are not independent, since then the sum of the first multi- 
plied by xi' and the second multiphed by Xz is zero. On the assumption 
(26) the second equation reduces to 

d^xz dxz 
^ , ""'dxi"^^ _ „ 

,^(gy+ ., + ...=". 

The first integral is 

dxz _ CiXi — Xz 

dxi~ Xi + C1X3 
and the complete integral is 

Ci{xz^ - xi^) + 2x1X3 + C2 = 0. 

Hence equilateral hyperbolas with center at. and lying in planes which cut a 
pair of completely perpendicular invariant planes in lines generate minimum 
surfaces by this rotation. These surfaces and planes are the only minimum 
surfaces left invariant by the rotation (2). 

If n n = const., equation (25) no longer holds but in this case the surface 
is developable and there are no minimum developable surfaces. For if 
the surface is minimum, the center of the indicatrix is at the surface point,* 
and if it is developa ble, the distance from the center of the indicatrix to 
the surface point is Va" + 6^, where a and b are the axes of the indicatrix. 
Therefore if the surface is both minimum and developable, the indicatrix 
must reduce to a point. The only real surface for which this is true is a 
plane. 

7. Surfaces for which the indicatrix reduces to a linear segment. An- 
other interesting class of surfaces in hs^erspace are those for which the 
indicatrix reduces to a linear segment because those surfaces possess many 
of the properties of surfaces in three dimensions. The area of the indicatrix 
is given by the formula 

aiiyi2xyii + anynxyu + anyufcya, 



' Wilson and Moore, loc. cit., p. 326. 
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where the cross indicates the Gibbs vector product and ar, are the coef- 
ficients in the first fundamental form. Then 

ail = 1> Oi2 = 0, O22 = Sa;<*. 

The vanishing of this invariant will then be the condition that the iadicatrix 
reduce to a linear segment. Substituting the values of the quantities 
previously foimd this reduces to 

(27) [(Sa;<*)p - r + {m-r)m] X [g - {n-q)n\ = U. 

This product will vanish if either factor vanishes or if the two vectors are 
parallel. If the first factor vanishes, we have 

(28) {•2x^)x/' - {•2XiXi')x/ + Xi = 0, i = 1, 2, 3, 4. 
Multiply by x, and simi on j; we obtain 

{j:xi')(Z^i=i^i" + 1) - iY.x^i'Y = 0. 

The complete integral is 

liXi" = (CiS + CiY. 

Hence the only surfaces for which the first factor of (27) vanishes are 
developables. The set of equations (28) when treated the same as we did 
(24) lead to the same set of equations showing that the surfaces must be 
generated by rotating plane curves whose plane cuts a pair of completely 
perpendicular invariant planes. If m-n = const., the argument does not 
apply. In this case the surface of rotation lies on a sphere and (27) becomes 

(C^-r) Xq = 0, 
and if the first factor of this vanishes 

C^x/' + Xi = 0, 3 = 1, 2, 3, 4. 



The solution is 



Xj = Ai cos - + jBy sm -. 
' ' c ' c 



This is a plane curve and therefore a circle and can be taken in the XiXr 
plane. 

If the second factor of (27) vanishes, 

i^Xi'W - i2XiX/)Xi = 0, j = 1, 2, 3, 4. 

The solution is seen to be a straight line which by the rotation (2) forms a 
plane. 
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Finally if the factors are parallel vectors, we have 

v2l^'^» )'^j ( / . XjXi )Xj ~f~ Xj 



(Sx/)x/ - (Sx,x/)a;,- 



= const., j = 1, 2, 3, 4. 



Multiplying the numerators and denominators respectively by x/, Xi', 
Xi, X4' and adding, we find the new numerator vanishes and consequently 
the denominators must vanish and we have 

SXi^ - (2x,x/)2 = 0. 
The integral is 

2X.-2 = (s + c)\ 

Since Sx,^ is the distance from the origin to a point of the curve it is obvious 
that the only curves that will satisfy this relation are lines passing through 
the origin. Besides planes the only surfaces of revolution for which the in- 
dicatrix reduces to a linear segment are developables formed by rotating plane 
curves. 

8. Locus of the indicatriz. The indicatrix is an ellipse lying in the 
normal plane and if the normal plane is revolved, in each position it will 
contain the indicatrix at the new point. Hence the locus of the indicatrix 
corresponding to points of a path curve on a surface of revolution is a 
surface of order 16 having one set of equal conies and one set of circles with 
center at O for plane sections. If the indicatrix reduces to a straight line 
the locus becomes a ruled surface of revolution and consequently of order 8. 
The end of the mean curvature vector will generate a surface of revolution 
on which the circles (path curves) will correspond to the circles on the 
original siirface of revolution. The circles on this surface are the locus of 
the center of the indicatrix corresponding to circles of the original surface. 

9. The General rotation. If instead of the special rotation (2) we use 
the general rotation (1) having the origin for fixed point, we obtain a surface 
of revolution having many of the characteristics of this special one. In this 
case however the path ciUT^es are not circles and indeed if Wi and 7W2 are 
incommensiirable the path curves are not even closed ciUT^es. If we 
consider Wi : OT2 and t as parameters we obtain the surface left invariant 
by the two parameter group having the same two fixed planes. This is a 
developable surface traced on the sphere.* The cartesian equations of 
this surface are 

Xi^ + Xi' = a^ Xa^ + X4^ = 6^. 

Many of the properties of this surface are given in my article just referred to. 

* Cf. C. L. E. Moore, "Rotations in hyperspace," Proceedings of the American Academy of 
Arts and Sciences, vol. 53 (1918), p. 676. 
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For this type of rotation there are ruled developable surfaces of revo- 
lution, viz., the surface formed by revolving the tangent lines to a path 
curve. The locus of a straight line or a plane are in this case transcendental. 

For this general rotation surfaces traced on a sphere are not necessarily 
developable. The general developable satisfies the condition 

m^{x^ + Xi^) + m-i^xz^ + x^) = {as + hy, 

from which we see that surfaces traced on a sphere for the special rotation 
correspond here to the surfaces traced on the ellipsoid 

TOi2(xi2 + Xa^) + ma^Cxs^ + X42) = 6^. 

Two pairs of axes of this ellipsoid are equal. 

The condition that the curve rotated be an orthogonal trajectory of the 
path curves is 

mi(xi'x2 — Xi'xi) + m'i{xzXi — Xi'xs) = 0. 

Equations (23) remain the same from which we see that the orthogonal 
trajectories of the path curves are geodesies. Also the only surfaces for which 
the path curves are geodesies are the surfaces traced on the ellipsoid 

mi'ixi^ + Xi") + m^^xi" + xi") = b\ 

It is easily seen also that the indicatrix of surfaces traced on this ellipsoid 
always degenerates into a linear segment. 
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